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$\max$ { $|c_{n}|,$ $\cdot\cdot$ . , $|$ C$m$ .11 $|$ } $=1$ ,
$e\mathrm{d}\mathrm{e}\mathrm{f}=$
$\mathrm{n}\mathrm{a}\mathrm{x}$ { $|e_{m-1}\mathrm{b}$ $|$e$m-2|$ 1/2, $\cdot$ . . , $|$e$0|^{1/m}$ } $\ll 1$ .
(2.2)
$P$ (z) $m$ ( ) $\text{ }$ $e$
$m$ $e$ $m$
$e$ ? (
[TSOO] [ST02] ) $\text{ }$
1 (Sasaki-Terui [TSOO]) $0<e<1/9$ $P$(z) $R_{\mathrm{i}\mathrm{n}}$ Di $m$
$R_{\mathrm{o}\mathrm{u}\mathrm{t}}$ $D_{\mathrm{o}\mathrm{u}\mathrm{t}}$ $n-m$ Di $D_{\mathrm{o}\mathrm{u}\mathrm{t}}$
$R_{\circ \mathrm{u}\mathrm{t},\mathrm{i}\mathrm{l}\mathrm{l}}= \frac{1+3e}{4}$ . $[1\pm\sqrt{1-\frac{16e}{(1+3e)^{2}}}]$ (2.3)
Ri $R_{\mathrm{o}\mathrm{u}\mathrm{t}}$
$\ovalbox{\tt\small REJECT}$ Ri $<$ $2e \cdot[\frac{1}{1+3e}+\frac{16e}{(1+3e)^{3}}]$ , (2.4)
1 $e(1-9e)$
$\frac{1}{2}\geq$ $R_{\mathrm{o}\mathrm{u}\mathrm{t}}$ $>$ $\overline{2}\overline{2(1+3e)}--\frac{32e^{2}}{(1+3e)^{3}}$ . (2.5)
1
$R_{\mathrm{i}\mathrm{n}}R_{\mathrm{o}\mathrm{u}\mathrm{t}}=e$ . (2.6)
1 $\tilde{P}$(z) $\mathrm{d}\mathrm{e}\mathrm{f}=(z^{n}/e^{m})P(e/z)$ $P$ (
$$
z) $n-m$ $\tilde{P}(z)$
$P$(z) $\tilde{P}$ (z) $n-m$ Di
$m$ $D_{\mathrm{o}\mathrm{u}\mathrm{t}}$





1 $e$-dependence of $R_{\mathrm{i}\mathrm{n}}$ and $\mathrm{u}\mathrm{t}$ .
$P$(z) $P’(z)$






$\gamma=\max\{(\frac{m+1}{m}|c_{m+1}|)^{1/1}$ : $( \frac{m+2}{m}|$ C$m+2|$ ) $1/2-$. $\cdot$ . . , $( \frac{n}{m}|c_{n}|)^{1/(n-m\rangle}\}$ . (2.9)
$\hat{P}’(z)$ $P$ (z)
$\hat{P}’$ (z) $=$ $\hat{\mathrm{c}}_{n-1}’$z$n-1+\cdot..+\hat{c}_{m}’$z$m+zm-1+\hat{e}_{m-2^{Z^{m-2}}}’+\cdot$ . . +\^ea,
(2.10)




$\max\{|\hat{e}_{m-2}’|, |\text{\^{e}} \mathrm{L}-3|1/2, \cdot. ., |\hat{e}_{0}’|1/(m-1)\}$






0 $\leq$ $e’$ $\leq(\frac{m-1}{m})\gamma$ e. (2.13)
. $j$
1) $( \frac{m-j}{m})^{1/j}>(\frac{m-j-1}{m})^{1/(j+1)}$ for $j<m-1,$ (2.14)
2) $( \frac{m+j}{m}.)^{1/j}>(\frac{m+j+1}{rn}$) 1/(j








$j=1$ $1>0$ \geq 2 $(j$
1 ) $\circ$ j+lcj’+l $=j+1Cj’.(j+1-j’)/(j’+ 1)$ $(m+j+1)>(j+1-j’)/(j’+1)$
2)
$\gamma$ $\max${ $|c_{n}|,$ $\cdots$ , |\sim 1|} =1 $\gamma\leq\max\{(_{m}^{\underline{m}\pm\underline{1}})^{1/1}, \cdots, (\frac{n}{m})^{1/(n-m)}\}$
$|c_{m+j}|=1$ $j$ $\gamma\geq(^{\frac{m+}{m}}.)^{1/j}$ 1) (2.12)
$e_{m-1}=\cdots=e_{1}=0(|e_{0}|=e^{m})$ $e’=0$ $e’$
$e’ \leq\gamma e\max\{(\frac{m-1}{m})^{1/1}, \cdots, (\frac{1}{m})^{1/(m-1)}\}$ 2) (2.13) $\square$
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2( ) $e<1/9$ $e’$ $P’(z)$ $D_{\mathrm{i}\mathrm{n}}’$





$R_{\mathrm{i}\mathrm{n}}’R_{\text{ }\mathrm{u}\mathrm{t}}’=e’/\gamma^{2}$ , (2.17)
2 $( \frac{m}{m+1})e$’ $<$ $R_{\mathrm{i}\mathrm{n}}’$ $\leq$ $( \frac{m}{n})^{1/(n-m\rangle}R$in’(2.18)
$( \frac{m}{m+1})^{2}e’$ $<$ $R_{\mathrm{i}\mathrm{n}}’R_{\mathrm{o}\mathrm{u}\mathrm{t}}’$ $<$ $( \frac{m-1}{m})(\frac{m}{n})^{1/(\mathfrak{n}-m)}e$, (2.19)
$\frac{1}{3}(\frac{m}{m+1})$ $<$ $R_{\mathrm{o}\mathrm{u}\mathrm{t}}’$ $\leq$ $( \frac{m}{n})^{2/(n-m)}(\frac{R_{\mathrm{i}\mathrm{n}}}{R_{\mathrm{i}\mathrm{n}}’})R_{\mathrm{o}\mathrm{u}\mathrm{t}}$ . (2.20)
. (2.12) (2.13) $e’\leq e(m_{-}^{2}1)/m^{2}<e$ 1 $\hat{P}’(Z)$
$\hat{P}’(Z)$ $\hat{\zeta}$ $P’(Z)$ $\hat{\zeta}/\gamma$ (2.16) $\hat{P}’(z)$
$\hat{R}_{\mathrm{i}\mathrm{n}}’$ $\hat{R}_{\mathrm{o}\mathrm{u}\mathrm{t}}’$
$\vee$. $=\hat{R}_{\mathrm{i}\mathrm{n}}’/\gamma,$ $R\mathrm{o}_{\mathrm{u}\mathrm{t}}=\hat{R}*_{\mathrm{u}\mathrm{t}}/$ ) (2.6) (2.17)
$e<1/9$ $R_{\mathrm{i}\mathrm{n}}$ ( $R_{\mathrm{o}\mathrm{u}\mathrm{t}}$ ) $e$ ( ) $R\hat(\text{ }$ <Rl
$R(\text{ }<R_{\mathrm{i}\mathrm{n}}/\gamma$ (2.12) (2.18) (2.17) $\hat{R}_{\mathrm{o}\mathrm{u}\mathrm{t}}’\leq 1/2$
$R_{\mathrm{i}\mathrm{n}}’\geq 2e’/\gamma$ (2.12) (2.18) $R_{\mathrm{i}\mathrm{n}}’R_{\mathrm{o}\mathrm{u}\mathrm{t}}’=e’/\gamma^{2}\leq$
$( \frac{m-1}{m})e/\gamma$ (2.12) (2.19) $\frac{1}{3}<\hat{R}_{\mathrm{o}\mathrm{u}\mathrm{t}}’=\gamma R_{\mathrm{o}\mathrm{u}}’$ t (2.20)
$e’<e$ $\gamma^{\mathit{2}}R(_{\mathrm{n}}R_{\mathrm{o}\mathrm{u}\mathrm{t}}’<R_{\mathrm{i}\mathrm{n}}R$ out (2.12) (2.20)
2 $P$(z) $k$ $P^{(k)}$ ( z) $e<1/9$ $k=1,2$ , $\cdot$ . . , $m-1$
$D_{\mathrm{i}\mathrm{n}}^{(k)}$ $D_{\mathrm{o}\mathrm{u}\mathrm{t}}^{(k)}$ $P^{(k)}(Z)$ $n_{-}m$
$D_{\mathrm{i}\mathrm{n}}^{(k\rangle}$ $n-m$ $D_{\mathrm{o}\mathrm{u}\mathrm{t}}^{(k\rangle}$
$R_{\mathrm{i}\mathrm{n}}^{(k)}$ $R_{\mathrm{o}\mathrm{u}\mathrm{t}}^{(k)}$ $(R_{\mathrm{i}\mathrm{n}}^{(k)}<R_{\mathrm{o}\mathrm{u}\mathrm{t}}^{(k)})$
$R_{\mathrm{i}\mathrm{n}}>R_{\mathrm{i}\mathrm{n}}^{(1)}\geq\cdots\geq R_{\mathrm{i}\mathrm{n}}^{(m-1)}$ ( $R_{\mathrm{i}\mathrm{n}}^{(j)}=R_{\mathrm{i}\mathrm{n}}^{(j+1)}$ $R_{\mathrm{i}\mathrm{n}}^{(j)}=$ nj+l) $=0$ )
$R_{\mathrm{i}\mathrm{n}}^{(k)}$ $R_{\mathrm{o}\mathrm{u}\mathrm{t}}^{(k)}$
$R_{\mathrm{i}\mathrm{n}}^{(k)}$ $<$ $[ \frac{m(m-1)\cdots(m-k+1)}{n(n-1)\cdots(n-k+1)}]^{1/(n-m)}R_{\mathrm{i}\mathrm{n}}$ , (2.21)
$R_{\mathrm{o}\mathrm{u}\mathrm{t}}^{(k)}R_{\mathrm{i}\mathrm{n}}^{(k)}$ $<$ $( \frac{m-k}{m})[\frac{m(m-1)\cdots(m-k+1)}{n(n-1)\cdots(n-k+1)}]^{1/(n-m)}e$. (2.22)
2 $R_{\mathrm{o}\mathrm{u}\mathrm{t}}’<R_{\mathrm{o}\mathrm{u}\mathrm{t}}$ ( $R_{\mathrm{o}\mathrm{u}\mathrm{t}}’$ $>R_{\mathrm{o}\mathrm{u}\mathrm{t}}$)
$\gamma\simeq 1$ -. $c_{n-1}---\ldots$ =c +l $=0$ (2.9)
$\gamma=(\frac{n}{m})^{1/(n-m)}$ $narrow\infty$ 1 $e_{m-1}=\cdots=$
$e_{1}=0$ $e’=0$ Ro’ t $=\hat{R}_{\mathrm{o}\mathrm{u}\mathrm{t}}’/\gamma\simeq\hat{R}_{\mathrm{o}\mathrm{u}\mathrm{t}}’=1/2>R_{\mathrm{o}\mathrm{u}\mathrm{t}}$
$R_{\mathrm{o}\mathrm{u}\mathrm{t}}’<R_{\mathrm{o}\mathrm{u}\mathrm{t}}$ |\tilde 1| $=1$ $e=e_{m-1}$ $\gamma=mm9$
$e’$ $= \gamma\frac{m-1}{m}e=\frac{m^{2}}{m}$
-
$\mathrm{B}$le $m$ $\gamma=1+O(1/m)_{\text{ }}e’/e=1-O(1/m^{2})$ .
1 $R_{\mathrm{o}\mathrm{u}\mathrm{t}}’=\hat{R}_{\mathrm{o}\mathrm{u}\mathrm{t}}’/\gamma$ $e\approx 1/9$ $R_{\mathrm{o}\mathrm{u}t}’<R_{\mathrm{u}t}$




$n$ 1| $\leq\cdots\leq|(_{m}|<|\zeta_{m+1}|\leq\cdots\leq|(n|$ $P_{B}$ $e<|\zeta|<1$ $\zeta$
$P_{B}(\zeta)$ $=$ $\zeta^{m+1}(\frac{1-\zeta^{n-m}}{1-\zeta})-(^{m}+e\zeta^{m-1}(\frac{1-(e/\zeta)^{m}}{1-e/\zeta})$
$\simeq$ $\zeta^{m}$ ( $\frac{\zeta}{1-\zeta}+\frac{e}{\zeta-e}$ –1)if $m\gg 1$ and $n-m>>1$ .
$marrow\infty$ $n-marrow\infty$ $P_{B}(\zeta)=0$ $\zeta/(1-\zeta)+e/(\zeta-e)=1$
Ri $R_{\mathrm{o}\mathrm{u}\mathrm{t}}$ l\Leftarrow l\rightarrow Ri 1\mbox{\boldmath $\zeta$}m+ll\rightarrow R ut
$k$ $k=0\Rightarrow 1\Rightarrow 2\Rightarrow\cdots$ $P^{(k)}(z)$
$P(z)=z^{10}-z^{8}/2-z^{7}/3+z^{5}+ez^{4}-e^{2}z^{3}+e^{4}z/4+e^{5}$ , $e$ =0.1.
2 $R_{\mathrm{o}\mathrm{u}\mathrm{t}}=0.4,$ $R_{\mathrm{o}\mathrm{u}\mathrm{t}}^{(1)}\simeq 0.364$, $R_{\mathrm{o}\mathrm{u}\mathrm{t}}^{(2)}\simeq 0.322$ , $R_{\mathrm{i}\mathrm{n}}=0.25$ ,





$\vee\wedge\cdot$ $\vee\wedge$ $\cdot\hat{\text{ } }$
.
2 Distribution of the roots of $P^{(k)}$ $(k=0,1,2)$ .
(. for $P(z),$ $\text{ }$ for $P^{(1)}(z)$ , and $\star$ for $P’$) $(z))$
The left for larger roots, and the right for the close roots.
3
Marden-Walsh Yakoubsohn
3 (Marden-Walsh [Mard49]) $D(z_{0},r)$ $r$ $z=z\mathit{0}$
$P$(z) $D$ (zo, $\tilde{R}_{\mathrm{i}\mathrm{n}}$) $m$ $D$ (zo, $\tilde{R}_{\mathrm{o}\mathrm{u}\mathrm{t}}$ ) $n-m$
($R\mathrm{i}\text{ }$ <Rout)
$\frac{R_{\mathrm{o}\mathrm{u}\mathrm{t}}+\tilde{R}_{\mathrm{i}\mathrm{n}}}{\tilde{R}_{\mathrm{i}\mathrm{n}}}>\frac{2n}{m}$ (3.1)






3 (3.1) R\tilde i $\tilde{R}_{\mathrm{o}\mathrm{u}\mathrm{t}}$ $P$ (z)
3 3 2
3 2 (3.1) $n/m$ $n/m$ (
) $\tilde{R}*_{\mathrm{u}\mathrm{t}}$ # $\tilde{R}_{\mathrm{o}\mathrm{u}\mathrm{t}}$ ;
$\tilde{R}_{\text{ }\mathrm{u}\mathrm{t}}$ $(\tilde{R}_{\mathrm{o}\mathrm{u}\mathrm{t}}+\tilde{R}_{\mathrm{i}\mathrm{n}})/R_{\mathrm{i}\mathrm{n}}\simeq 2n/m$ $\tilde{R}_{\mathrm{o}\mathrm{u}\mathrm{t}}’\simeq\tilde{R}_{\mathrm{i}\mathrm{n}}$ (3.2) $\tilde{R}_{\mathrm{o}\mathrm{u}}’$ t
2 $R_{\mathrm{o}\mathrm{u}}’$ t $n/m$
4 (Yakoubsohn [YakOO]) $P$ (z) $z=z_{0}$ $m$ $(m>1)$ $D(z_{0}, r)$
$r$ $z=z_{0}$ $E(z_{0}, r),$ $\beta(z_{0})$ $\gamma(z_{0})$
$E(z_{0}, r)$ $=$ $\frac{|P^{(m)}(z_{0})|}{m!}r^{m}-\sum_{j=0}^{m-1}\frac{|P^{(j)}(z_{0})|}{j!}r$j- $\sum_{j=m+1}^{n}\frac{|P^{(j)}(z_{0})|}{j!}r^{j}$ , (3.3)
$\beta(z_{0})$ $=$ $0 \leq j<m\mathrm{m}\mathrm{a}\mathrm{x}|\frac{m!P^{(j)}(z_{0})}{j!P^{(m)}(z_{0})}|^{1/(m-j)}\wedge$ . (3.4)
$\gamma(z_{0})$ $=$ ?j!ln|j--m!!PP(m(j))((zz00))|l/(j-m (3.5)
$0<r< \frac{1}{2\gamma(z_{0})}$ $E$ (zo, $r$ ) $>0$ $r$ $D$ (zo, $r$) $\dagger\mathrm{h}z$0 $m$
$n-m$ $D$ (zo, $r$)
3 $r$
$r$ $<$ $\frac{1}{2\gamma(z_{0})}$ , (3.6)
$\frac{\beta(z_{0})}{r}$
$\leq$ $\frac{1-2\gamma(z_{0})r}{2-3\gamma(z_{0})r}$ . (3.7)
$D$ (z0, $r$ ) $P$ (z) $z_{0}$ $m$ $n-m$ $D$ (z0, $r$ )
4 (3.6), (3.7) $r$
$\frac{\beta(z_{0})}{r}\leq\frac{1-4\gamma(z_{0})r+2\gamma(z_{0})^{2}r^{2}}{2-6\gamma(z_{0})r+3\gamma(z_{0})^{2}r^{2}}$. (3.8)
$D$ (zo, $r$) $P’(z)$ z $m-1$ $n-m$ $D$ (zo, $r$)
4 $P$(z) $z=z\mathit{0}$ $z=z_{0}$ : $P(z0+Z)=P(z0)$. $+$
$\underline{P^{(1)}}1![perp] z\lrcorner \mathrm{o}z$ + $\cdot$ . . $+ \frac{P^{(\pi)}(z\mathrm{o})}{n!}z$ n. $P(z0+Z)$ $Z\vdash+z/\gamma(z_{0})$
$\{$
$=\tilde{c}_{n}z^{n}+\cdots+\tilde{c}_{m}z^{m}+\cdots+\tilde{c}_{0}$,
$\tilde{\mathrm{C}}m=1$ , $\max\{|\tilde{c}_{m+1}|, |\tilde{\mathrm{C}}\mathrm{m}+2|, \cdots, |\tilde{c}n|\}=1$,
$\max${ $|\tilde{c}_{m-1}|^{1/1},$ $|\tilde{c}_{m_{-2}}|^{1/2},$ $\cdots$ , 1 $1^{1/\mathrm{r}\mathrm{n}}$ } $=\gamma(z\mathrm{o})\beta(z\mathrm{o})$ .
4 $\beta(z_{0})\gamma(z_{0})$ 1 $e$




$R_{\mathrm{i}\mathrm{n}}\leq R\leq R_{\mathrm{o}\mathrm{u}\mathrm{t}}$ ( [YakOO] Rouche [TSOO]
) (3.7) $D$ (z0, $R_{\mathrm{i}\mathrm{n}}/\gamma(z_{0})$ ) 2 Di
(3.6) $R<1/2$ $R<R_{\mathrm{o}\mathrm{u}\mathrm{t}}<1/2$ (3.6)
(3.8) $|$J
$\frac{e}{R}\leq\frac{1-4R+2R^{2}}{2-6R+3R^{2}}$
$\frac{1-2R}{2-3R}>\frac{1-4R+2R^{2}}{2-6R+3R^{2}}$ for $0<R<1/3$ .
$R$ (3.7) (3.8) (3.8)
1 2 4
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